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Abstract 

In this note, a series expansion technique introduced recently by Danes and He 
for generating Euler-type formulae for Q{2k + 1), k being a positive integer and 
C(s) being the Riemann zeta function, is modified in a manner to furnish the even 
zeta values ((2k). As a result, I find an elementary proof of X^^Li l/« 2 = 7r 2 /6 
and a recurrence formula for C(2fc)- 
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1. Introduction 

The Riemann zeta function is defined as £(s) := Yln°=i l/ nS j ^( s ) > !• 
For real values of s, s > 1, the convergence of this series is guaranteed by the 
integral testQ For integer even values of s, one has a famous Euler's formula 
(1740) 0]: 

where k is a positive integer and is the fc-th Bernoulli number [6]. For 
instance, since B 2 = 1/6 and B 4 — —1/30, one finds £(2) = 7r 2 /6 and £(4) = 
7r 4 /90, respectively. 

By noting that the approach introduced by Danes and He in a recent work Q , 
in which an Euler-type formula is derived for each C(2fc + 1) , can be modified 
in a manner to yield similar formulas for £(2k), here in this shortnote I show 
that the substitution of sin (mr) by cos (mr) in the Danes- He initial series in fact 
leads to a series expansion involving even zeta values. Since the numbers i?2m(l) 
are null for all positive integer values of mH that series reduces to a finite sum 
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1 For s = l, one has the harmonic series '^2^L 1 1/n, which diverges to infinity. 
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2 Here, E m (x) := X]™=0 (™)~ n ( x ~~ ™ is ^ e ^ mer polynomial of degree m. 
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involving the even zeta values from £(2) to C(2fc). By analyzing the first few 
terms of this finite sum, I have found a new elementary proof for C(2) = 7r 2 /6, 
a famous formula first proved by Euler, which is the solution of the so-called 
Basel problem (see Ref. Q and references therein) , and a recurrence formula for 
C(2fc). My proof is elementary in the sense it does not involve complex analysis, 
Fourier series, or multiple integrals jf| 



2. An elementary evaluation of C(2) 

For any real e > and u G [1, 1 + e], we begin by taking into account the 
following Taylor series expansion considered by Danes and He in a previous 
work 



2e* 
e* + u 



+11*' 

= V <f> m (u) — 



(2) 



which converges absolutely for \t\ < ir. From the generating function for E m (x), 
namely 2e xt /(e t + 1) = ^™ =0 £ m (i) ^, it is clear that ef> m (l) = E m (l), for 
all nonnegative integer values of to. 
For u > 1, we have 



(3) 



- (-«)» ■ 

For rn < 0, we shall take this series as our definition of <j> m {u). Therefore 

^_ m (l) = -2 E ^ = -2C*(m) = 2 (1 - CM (4) 



for all integer to > 1. 

In the same domain, let us define 



which will reveal as an useful auxiliary (real) function. Since cos (nir) = (— l) n , 
let us write f(u) in the form 



/» = £(-!) 



cos(n7r) 



(5) 



By expanding cos (tmt) in a Taylor series, one has 
(-1)" ^, ^faO" 



/(«) = E 



■ E c-tf 



j=0 



(2j)! 



2j" ^2. n 2j 



J=0 



3 For proofs involving such non-elementary approaches see, e.g., Refs. [l],[fj and references 
therein. 
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By writing this series in terms of <fi m (u), one has 

/(u) = g (_1) M^T" (6) 

We are now in a position to prove the Euler's solution to Basel problem. 



Theorem 1 (short evaluation of C(2))- 

1 7T 



n 2 6 



E 

n=l 

Proof. By taking the limit as u — >• 1 + on both sides of Eq. one has 

n=l j=2 v J; 

which, in face of the values of <p-2(l) stated in Eq. Q, implies that 

00 -i i 2 -| 00 2j 

E^ = 4 [ 2 (i-nc(2)]+^o(D- eh) j mmd. (8) 

n=l j=2 V ■'>' 

Since £?o(l) = 1 and E m (l) = for all m > 0, the right-hand side of this 
equation reduces to — \ £(2) + 7r 2 /4, which implies that 

C(2) = -|C(2) + ^, 

and then | C(2) = ir 2 /4. 

□ 



3. Recurrence formula for C(2fc) 

Interestingly, the series expansion presented in the previous section can be 
easily generalized by just changing the exponent of n from 2 to 2k. We begin 
this generalization by defining 

, / x (!/")" 

/*(") := E^2^- 

n— 1 

Again, since cos (mr) = (—1)", we may write 

f s _ y / 1V , cos(nTr) _ ^ (-1)" ^ ■ (titt) 2 ' 
JfcW - 2^1 ^ „ n2fe -2^ u »„2kZ^ ^ ( 2 j)! 

n=l n=l i=0 v ■' ' 

j"=0 v J; n=l 
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On rewriting the last series in terms of <fi m (u), one finds 



/*(«) = E(-!) 3 



7T 3 <p2j-2k(u) I 



k-1 



m (-2) 

f °° 7T 2 -' 



3=0 



j=k 



(10) 



Now, on substituting m = j — k in the above series, one has 



5 £ (-D 



m+fc 



r 2m+2ft 



(2m + 2*)! 



1 OC 

^)-o EC- 1 ) 



m+/c 



r 2m+2fc 



m=0 



(2m + 2/c) 



4>2m{u) 



E^ (2* -2m)! 



00 / ^V" 7r 2m+2fe 



(ii) 



This representation of fk(u) allows us to prove the following recurrence 
formula involving the zeta values £(2fc). 



Theorem 2 (Recurrence formula for £(2fc)). For any integer k > 0, 



^ (2ft- 2m)! V 2 2 



2-^r)^ fe - 2TO C(2m) -(-1)* T 



2fr 



(2fc)! 



Proof. By taking the limit as u — >• 1 + on both sides of Eq. (fTTj) . one has 



lim 

u->i+ ' u" n 

n— 1 



2/.- 



(-1) S 



^ (2* -2m)! - 2m 



00 r_1"\"i 7r 2m+2ib 
m— 

(12) 



From Eq. (@}, one knows that 0_2 m (l) = 2 (l — 2 1 ~ 2m ) C(2m). For nonnegative 
values of m, one has 02m (1) = E2 m (l) = 0, the only exception being Eo(l) = 1. 
This reduces Eq. (TT^J) to only 



E 



1 



* I l\m /Tr 2k — 2m 

-(-D fe E ( } 



(1 - 2 1 - 2 " 1 ) C(2m) - (-l) fe ■ 



J2k 



(2* -2m)! v / v / 2 / 2fc N, 

n— 1 m— 1 v 7 v ' 

By extracting the last term of the sum and isolating (,(2k), one finds 



fc-i 



2 -oi)c(2fc) = (-i) fc+1 E 



— (-1)"^ 



' x (2fc - 2m)! 



(l-2 1 - 2m )C(2m)-(-l) fe 



_2fr 



2(2*)! 



A multiplication by 2 on both sides yields the desired result. 



□ 
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The first few even zeta values can be readily obtained from this recurrence 
formula. For k = 1, the sum in the right-hand side is null and one has 

3C(2) = -(-l)y , 

which simplifies to ((2) = 7r 2 /6, in agreement to our Theorem[TJ 
For k = 2, one has 

By substituting the value of ((2) found above and multiplying both sides by 4, 
one finds 

4 4 4 

. . 7T 7T 7T , „ 

15C(4) = = — , (13) 

sw 3 6 6 ' v 1 

which implies that C(4) = tt 4 /90. 

Note that, by writing the recurrence formula in Theorem [2] in the equivalent 
form 

/ 1 \ C(2fc) _ ^ (-!)*-"+! /I 1 \ C(2m) (-l) fc 
^ 2 2k J n 2k ^ 1 (2k- 2m)\\2 2 2m J ir 2m 4(2fc)!' 

it is straightforward to show, by induction on k, that the ratio ((2k)/n 2k is a 
rational number for every positive integer k. In fact, to prove this rationality 
result without making use of Euler's formula, Eq. ([T]), and/or Bernoulli numbers 
was my original motivation for exploring the mathematical properties of the 
Danes-He series expansions. 
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